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In the original derivetion of sppendixes A and B, the load
Pactor n was inappropriately included in the definition of 7.
T ThE Tollowing changes should beé" noted: _ BES

aTe TrE:

Page 4, change T aerodynamic time [ (pVSy/mm)t]
to T aerodynamic time [ (pVSy/m)t]

Pages 15 to 24, change np to p.

'l:/n t
Page 20 equation B5 first line, change f to f
' o] o

Page 20 equation B5 third line, delete -1]—;

Page 20 equation B5 fourth line, delete n.

Page 20 sgixth 1line, change blz‘s/NBn to blszB

Figure 4, change nu to u.

The section "Deslgn Charts" should be interpreted in accordance with
the implications of the sbove changes. In particular, the distinctions
made between nu and p are no longer pertinent. '
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SIDESLIP ANGLES AND VERTICAL~TATIL LOADS IN ROLLING PULL-OUT ‘&ANFU'V'.E"RS

By Maurice D. White, Harvard Tomex, -and Howard L. Turner
SUMMARY

Previous NACA reports have indicated that it is possible to develop
angles of sldeslip which may cause critical vertical—teil loads in gbrupt
rudder~fixed rolls from accelsrated flight, but the reliability of methods
for predicting these sideslip angles has not beern demonstrated. In this
report exmressions for calculating the sideslip angles in these meneuvers -
are derived from theoretical considerations, and numerical soluticns are -
obtalned for a wide enough range of variables to permit comstruction of
design charts. Couparison of the maximum sideslip angles obtained from '
the design charts and from flignt tests with those obtained using a ' =
greatly simplified expression indicates sufficiently close sgreement to ’
warrant use of the simplified sxpression for first approximaticns in pre— K
dicting sideslip angles and vertical—tail loasds occurring in rolling pull- =z
out mansuvers for conventional allerons. An approximate method for treat—~ -
ing cases of nonlinear directlonal-stability cheractoristice is presented
which gives reasonsbly good results. The vertical—tail loads measured on
one airplane in rolling pull—oub maneuvers GUFresponded closely with those
calculated by the simplest methods when the actual sideslip angles a,ttainod
were appliled. 2

INTRODUCTION

Recently attention hes been directed to the rolling pull-out meneuver
as g condltion in which crtical loads might be developed on the vertical
tall through the attainment of large sideslip angles (reference 1). Sub-
sequent flight tests have verified the fact that the vertical-tail loads
in rolling pull-out maneuvers msy exceed design loads based on other
mansuvers. To indicate the order of magnitude of these loads approximate
expressions were presented In reference 1 for estimating the maximum slde-
slip angles and meximum vertical—taill loads developed in this maneuver; T
1%t was indicated in reference 1, however, that flight values might exceed
the values computed by these approximate expressions. Comparison of the
gideslip angles determined in flight with those computed using the
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approximate expression of reference 1 veriflsd that the approximate ex—
pression underestimetes the sidesllip angles developed, ln most cases

by a factor of the order of 2. This result indicated that the usefulness .
of the aspproximate expression of reference 1 is limited to the purpose

of that report; that is, to demonstrate the importance of the rolling

pull-out maneuver.

To provide information better suited to design purposes a mors cam-—-
plete analysie has been made of the rolling—pull out maneuver. In the
analysis a simplified expression suitable for preliminary deaign is
developed for predicting the sideslip angle resulting from the rolling
pull-out maneuver. Dosian chearts which may be utilized for more precise
computaticns are presented, and the effects of such fectors as nonlinsar
directional-stabllity characteristics are discussed. Flight data aro
pregented and compared with the analytical resultis.

The determination of vertical--tgil loads in rolling pull-out manouvers
resolves itself essentlelly into the determination of the sideslip angles
developed. This is demonstratod by the agreement shown in figure 1 be-—
tween vertical—tall loads determined in f£light and those computed by the
glmplest methods using measured values of sideslip angle, with no regard
for sldewash effects, differences in the dynamic pressure at the tail
from free-stream dynamic pressure, or possible yawing velocitles. For .
this reason the present report is devoted exclusively to the determination
of the sideslip angles developed in rolling pull-outs,.

SYMBOLS

The following symbols are used throughout this report:
A aspect ratio (b,%/s.)
e real part of complex root
b Imaginaery part of complex root
w wing span, feet
e acceleration due to gravity, 32.2 feet per second per second
Iy  moment of inertla of airplene sbout X-axis, slug-feet square
I, moment of Inertia of airplene sbout Z-exis, slug—feet square

1,  4Iz/mp P
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LI, fuib 2 e _ -
radius of gyration about X—axis, feet |

radius of gyration sbout Z-axis, feet

load on vertical tell, pounds’

tall length, feet

megss of alrplane, slugs

normal acceleration divided by acceleration of gravity

rate of roll, radlans per uniit esrodynamic time |

rate of roll, radlans per second

free—stream dynamic pressure, pounds per sgquare foot (%@V? >
dynemic pressure at tail, pounds per square foot

rate of yaw, radlans per wilt ssrodynamic time

rate of yaw, radians per second

wing area, square feet

vertical—tall sree, square fest

operatlional parametsr

time, seconds )
velocity of airplane along flight path, feet per second
component of flight velocity alonle~ax;s, feet per se;;nd
welght of sirplane, pounds' | |

angle of sideslip (positive when right wing is forward), radians
angle of sideslip, degrees

rudder deflection, degrees

angle between horizontsl plene and relative wind, radians
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damping Ffactor (used in e*nt)

wing teper ratio ( tip chord )
‘root chord

relative density coefficient (m/pSyDb.)
alr density, slugs per cubilc foot

serodynemic time [ (pVS,/#m)t]
relative rudder effectiveness [ BCNt/BEr 1 )

engle of bank, redlans

angle of yaw, radlisns

moment about X-axis, foot—pounaa

moment sbout Z-axis, foot—pounds

normal force on vertical tall, pounds

force along Y-exls, pounds

vertical tall normal force coefficient (Ny/oySy)

slope of curve of vertical-tall normal-force coefficient
ageinst angle of attack, per degres

1ift coefficient (nW/gSy)
lateral force coefficient (Y/¢S,)
rolling-moment coefficient '(L/qS,b,)

increment of rolling-moment coefficient due to lateral-control
deflsction

yewing-moment coefficient (N/gS b )

increment of yawing moment coefficient dus to lateral-control
deflaction

&y /0B
3Cy /OB
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B-it

/Cng°>

(Cns° A

aCn /38

C1/3(rby/EV)

ICn /3 (xby/2V)

3¢, /3(pby,/27)

ACn /3 (pbyw/2V)
(aS,,/uV)Cygy
(qswbw/kaZ)CzB
(aSyby/mkz®)Cpg
(Syby/mi ) (’ow/ev)c:np _ | L
(C.!.Swlu;,/zuukzz)(bW/zv)c:nr - L

(@S by /micg™) (bw/EV)Clp | _.
(Swby/miex®) (by/27)C1y . s
pavamoters used in computing fOpeg’ For monlinear curves

of Cn against B

THEORETICAL ANALYSI_S

For the purposes of the theoretical analysis the rolling pull-out
maneuver is. consildered to consist of an abrupt alleron deflection in
accelerated flight, the rudder being held fixed. The normal accelera—
tion and the aileron deflectlon are considered constant throughout the
meneuver, and the angle © bhetween the horizontal plane and the rel—
atlve wind is considersd small enocugh so that cos@ can be set equal to
unity. These assumptions are conservative in that they will result in
computed sidesllp angles lerger than those that would be obtalned in
actual f1light meneuvers where a finite time is required to ¥each maximum
normal Ycceleration or maximum aileron deflection or where the normal
accelerdtion 1s unsteady or where the angle 6 is large. The éffect of B
differences In 6 on the magnitude of the maximum computed angle of &ide—
slip will be small, but the effect of unsteady normal acceleration may be
larger, though still conservative.
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In the analysls the parameter (ACz/CzP)(CL/Cnﬁ") is substituted
for the parsmeter (pb/ZV)(CL/Cnﬁo) used in reference 1.

. The equations and methods umed in the theoretical anslysis are
given in detall in appendixes 4, B, end C. Appendix A gives the equa—
tions for which numerical solubions are obtained in order to develop
deslgn charta. In appendix B a simplified expression is obtained for
calculating the maximum sidesllp angle developed in relling pull-cute,
Appondix C describes an approximetion made for the gravity componont of
force on the alrplane which pertuits its inclusion in the equatiome of
motion ae a linesr fector.

Simplified Expression

The theoretical analysis presented in detail in appendix A and
appendix B leads to the results plotted in figure 2 from which the
following simplified expression for the maximum sideslip angle devel—
oped in rolling pull-out mansuvers is deduced:

8%ex
mer = 1/b (1)
(01 /C1,) (CL/Cnpo)

In the derivation of this expression the value of C, was assumed

as Cr/16. This value is sbout the mean of the values of Cr/i18 and
CL/lh which would be deduced for aspect ratios of 6 and 10 and a taper
ratio of 0.5 from reference 2, The relative insensitivity of this walue
to changes in both aspect ratlo and taper ratio within current design
limite is noteworthy. The values of Cjy, presented in reference 2

are based on 1ifting-line theory; refinements to these values based on
lifting—surface theory are shown in reference 4. '

In the development of equation (1), 1t wes also assumed that the
adverse yawing-moment coefficlent of the allerons was given by

M0p = (803/C1,) (CL/16)

This 1s the theoretical value for a wing of aspect ratio 8 and taper
ratlo 0.5 having ailerons extending over the outer 50 percent of the span,
as obtuined by combining date in references 2 and 3. These references
may a8lso be usced to determine values of &L, for other wing-ailsron

configurations.
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In reference 3 only the Induced yawing moment due to the aileronm
1s considered. TFor large alleron deflections or for unconventional
allerons the profile drag effect may also be impcrtent. An expanded
form of equation (1) which may be used to account for small differerncss
in AC, from that assumed for equation (1) is given by equation (2).

Pomax ‘=299§.(9lp_>+l (2)
(403 /C1p) (On/Cng®) cr “acr’ 8

For reasons discussed in more detall later, the validity of egpation (2)
decroases es the value of Al departs from (ACZ/CZP)(CL/IE .

The saum of the values of C and ACp ueed In deriving equation

(1) 48 equal to thet used in deriving the squlvalent expression given in
reference 1. The value of the comstant 1/% given in equation %1) is,
however, twice that obtained in reference 1, which indicates that the
derivation of reference 1 which 1s based on statlc conditions is over—
simplified.

In the next section of this report, Design Charts, the results of
a more exact snalysis indicate that equations (1) and (2), while satis—
factory for the preliminary design of airplanes with conventional arrange—
ments, may be greatly In error for alrplanes with unconventional lateral—
control devices such as spoilers. ' B

Design Charts

In order to provide data suiteble for design purposes, and to show
by comparison the applicability of eguations (1) and (2), & numerical
analysis was mede in which the maximum sideslip angle developed for
each of several combinations of variables was detcrmined. The equations
of appendix A used for the analysis involve only minor assumptions and
these are such as to result in slightly larger compu'ted angles of side-
8lip then would actually be obtainsd.

The range of variables considered covers the limits of conventiomal
design practice. The analysis was made for the conditions of the V-n
diagram shown in figure 3. Calculations were made for the curve of
Cy, = 0.9 (curve A~B in fig. 3) and at a high-speed  point for n=8

(point C in fig. 3). Results obtained from this analysis are considered
equally applicable to the reglon within the boundary shown in figure 3.
Compressibllity effects are not considered in the analysis.
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Along the normal acceleration—veloclty curve, values of npn of
30, 75, and 120 were considered for a 0O of 0.9 and of 120 for a O

of 0.35. The valus of u for an airplane with a wing loading of 40
pounds per square foot and a span of 40 feet at sea level is about 13.
Variations in the other parametors such as, vertical-tail size, dihedral
effect, moment of inertia about the alrplane X— and Z-axes, and wing
aspect ratio and teper ratio weire considered either individually or in
comhination where 1t appeared edviseblie. The combinations of parameters
used in these computations are given in teble I. Since the analysis

was carried out on & dimensionless basis, the velocity eand normal accel—
eration for any particular airplane configuratlon may bs calculated from
the expression .

V = 8.02 /2¥DW reet per second
CL

In cases where the oscillations were divergent the maximum value of the
gldeslip angle was considered to be thet attained in the first peak.

The results of the mumerical analysie ars presented in figures 4
and 5 in a form that permits easy interpolgtlon for design purposes.
The curves of figure 4 cover the part of the V-n diagrem which is
1imited by meximum 1ift coefficient (curve A-B of fig., 3). In figure
L(a) the variation of B%ax with (AC;/CZP)(CL/Cnﬁo) is presented

for various values of CnBo, ACp, and nu for a value of Cipg0 =
-0,0010; corresponding data for a value of CzBO = 0 are shown in
figure 4(b).

Similar curves for very high speeds and high normal acceleration
(goint C of fig. 3) are shown in figure 5. TFor purposes of comparison,
Bnax a8 calculated from eguation (2) with AC, set equal to

(AC-,,/CZP)(CL/lG) is showvn on all the curves. Also the results of

applying equation (2) to the case of ACp = 0 i indicated in figure
4 for comparison with the corresponding curves obtained from the numerical
anslysis,

The curves of figure 4 indicate that foar preliminary estimates of
sldesllp angles and corresponding vertical—-tail loads the use of equation
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(2) for values of AC, around (ACz/Czp)(CIJIG), thet is, equation (1),

is satisfactory, the percentage error being for most practical configu—
rations of a relatively low megnitude and the direction of the error
being conservative except for ayrangements having low dlhedral effect
and Jlow directional stabillty. The deviations in the latter case are
greatest for the lowest valuss of nu whers, from the standpoint of
vertical—tail loads, the Importance of the deviatlons would be less,
since low values of =nu vrepresent low values of normal acceleratlon and
hence of C7, which correspond to low values of 8. - :

The agreement shown in £i e 4 between the design charts and the
curve representing squation (2) with AL, = 0 1is poorer than the egree—
ment shown with ACn = (C3/C1p)(CL/16). This poorer agreement results
from the fact that equation (2) neglects a phase relationship that
exists between the effects of A0n &nd Cp,. This phase relationship
is properly accounted for only where ACH = (Cz/CzP)(CL/16) as in
equetion (1), so that equation (2) becomes less velid as 1t departs
from equation (1). The varying discrepencies indicated in figure U4
between the results of the numerical analysis and of the application
of equations (1) and (2) may be used as an indicetion of the dis—
crepancles that will arise from the use in equation (2) of other values
of &n. .

Results of applying the mumerical anslysis to high values of np

and low values of Cy, which together correspond to high epeeds and

high accelerations are shown in figure 5 and indicate that for this
condition the use of equation (1) is decidedly conservetive for all
configurations. This condition 1s not comsidered too imporitent as re—
gards vertical-tail loads because the maximm amount of aileron control
1s generally not applied at the highest speeds, with the result that the
loads are not critical at the highest speeds, These curves ars included,
however, as an indication of the range of applicability of equation (1).

The effects of independent changes in several other varisbles that
were consilered in the analysis are indicated in figure 6. The results
in figure 6(a) indicate that, for the changes in configuration assumed,
the differences are of secondery order. Figure 6(b) shows that the
rate of movement of the aileron control within the limits indicated has
only a smaell effect on the maximum sideslip angles attained.

Discussion of Nonlinear Charascteristics
The preceding analysis has been carried out assuming linear varia—
tions of Cn with B8° for all configurations. In practice, however,
these curves as well as those fof other stabillity coefficients are
frequently nonlinear, Accordingly, an enalysis was made to develop
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methods for handling nonlinser veriations of Cyp with B° that would
permit use of the simplified equations (1) and (2) or the design charts

of figure 4, TFor thils purpose numerical calculations were made of the
maximm sideslip angles developed in rolling pull-outs, using the equa~—
tions of sppendix A, but modified by using appropriate initial conditionms,
and for simplicity, by using the angle of bank ¢ Instead of the approxi—
mation of appendix C. For the calculations Cngo was assumed nonlinear,
Cnp end CYBO vere assumed to vary consistently with Cpg%; eand all
other parsmeters of the sirplane remained constant. The various curves of
C, egsinst B° covered by the calculations ars believed to encompass

roughly the varlatlons usually encountered in practice. The variations
agsumed are shown in figure 7 together with the results of the calculations
presented as values of maximum sideslip angle attalined for wvarious applied
rolling—moment ccefficlients 4C3. The pergmeter A&7 was used instead of

(ﬁcz/czp)(CL/cngO). in the abscissa of figure 7 because for the nonlinear
cese no single value of Cpgo could logically be used in the latter torn.

The curves aof figure 7 indicate that for the cases considered the
variatione of B%max with AC7 are consistent and may be predicted by
the following purely empirical method:

1. Denote by (CnBO)l the slope of the curves of Cp aegalnst BO
through B8 = 0, by (cnﬂo)z" the slope of the curve of Cp
sgalinst B° at values of p° bayond the bresk in the curve

and by B* the sideslip angle at which the dbreek in the curve
of C, against B° ocowrs. =

2., Assuming each of the slopes (Cng®)i and (CpgPlz to exist

separately through B = O, compute the curves of B%ax
asgainst (ACz/Czp)(CL/CnBo) from the design charts.

3. Through B =0 draw the curve of PB°mgx agalnst ACj; corre-
gsponding to (Cngo)lo DenotE this curve as line A.

-

4, Through BO = 1,5p% ‘ 1- (CnBO)l/CCnBO)g J "at ACp = 0,

draw the curve of PB®mex against AC] corresponding to
(Cng®)z. Denote this curve as 1ine B.

The final curve is composed then of line A from B = 0 to the in—
tergection of linea A and B, and of line B . from the intersection on to
higher values of B°. The curves computed from this methed for curves II,
IV, and V are showvn in figure 7 for comparison with those computed by the
numerical analysis. A ressonable fairing of the intersection of lines A
and B may be appllied for greater accuracy.
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This analysls was made only for curves of Cp against B° which
could be approximated by two straight lines. TFor cases in which this is
not sufficient, or for cases in which exireme accuracy is deslired, solu—
tlons mey be obtalned by use of a differential ana.lyzer or 'by a step-—'by-—
step integration as in reference 5. . Cenm

The generality of the method presented and conclusions ipdicated 'by
the curves of figure 7 is nob, of course, established by the few cases
considered. The results do offer promise that with further analysis the
conclusgions will be verified or other rational simpliflcations will be
developed. In essessing the value of the methods given here it is of
interest to note that it gave good sgreement with the maximum sideslip
angles computed for the alrplene of reference 5 by step—by—step methods.

FLIGHT-TEST RESULTS

Flight date which may be compared wlth the theorstical results pre—
viously dlscussed have been obtailned on two ailrplanes, one of which was
flown with two different vertical-tall configurations, Views of the alr—
planes tested are shown iIn figure 3. A typlcal time history of a roll
out of a steady turn is given in figure 9. It will be noted in figure 9
that the maximum valus of the vertical—tall load occurs at the time of
meximum sidealip. For airplane 1, ifmes £light data obtained in aileron
rolles were used, and for alrplane 2 at configurations 1 end 2, langley
flight date on rolling pull-oute were used, For alrplane 3, 'bha maneu—
vers were not masde steadily enough to permit corralation with the design
charts or with equation (1), the normal accelerastion for most runs being
less steady than the time history shown in figure 9.

Comparison of Flight and Theoretical Deta

For the airplanes for which flight dete were available, there were
Insufficlent data to permit accurate estimation of ng or of CnB 80

that correlation could not Justiflebly be made with the design charts

presented in the preceding sections of this report. Ag an indication of
the applicability of equation (1), however, the value of Cpng was esti—
mated by ths method shown in ta’ble II. The resulting sideslip sngles are
compared with values obtained in flight tests in figure 10. As a matter
of interest the values of sideslip angle computed from the approximate

expression of reference 1, that is, T

go = O (obw/ev) T @)
& (3cn/38°)



12 RACA TN No, 1122

are also showm in filgure 10. For simpllclty the change in sidesllp angle
denoted by AB° is used in figure 10 instead of the absolute sideslip

angle of P°. '

For airplene 1, excellent asgreement is indicated between flight data
and equation (1) and correspondingly poor agreement for eguation ?3).
(Ses fig. 10.)

For alrplane 2 with configuration 1 the comparison indlicates reason—
ably good cemont between flight values of [ and values computed fram
equation (1).

For ailrplane 2 with configuratlon 2, the egresment between flight
date and equatien (1) is less favorable.

Although the datae for alrplane 3 were not steady enough to permit
thelr incluslon in the correlation, 1t is of interest that when the
meximm accelerations were used in the computations the values of slde—
glip angle were consistently larger than those cbtained in flight.

There are several factors entering into the foregoing compsrison
that would explein, at least partially, the disegreements noted and which
should be consldered in the interpretation of all the comparisons. These
factors, 1t will be noted, are essentlally defects in the basic data and
hence represent limitations in the spplication to these alrplanes of the
design charts as well as eguation (1). Ons of these factors is the value
of Cnﬁ used in the sapproximste expression. The method used for deter—
mining this value in the present case, noted in table II, involves the
estimation of the values of OCNy/dat end Ty fram a knowledge of
geometric properties of the airplene and of the value of dﬁr/dB ag deter—

mined from steady sideslips. The methods used for estimating the values
of OCNt/dat and Ty eare based on wind—tunnel data {reference 6) and
remeln to be verlfied by flight tests. For airplanes that are already
flying, a preferable method of determining an from £light tests is
indicated in reference 7.

In addition, the methods do not attempt to take into account ration—
ally the possible nonlinearity of the curves of Cp segainst § which
arg frequently found in practice. This factor 1s discussed at length in
a preceding sectlon of this report. In thls connectlon it 1s significant
that the curvea of By versus B in steady sideslip were less linear
for configuration 2 then for configuration 1. of airplane 2, and the
agreement between flight and computed values of sideslip angle was not
so good for confilguration 2 as for confilguration 1.
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A third source of error resulits from the use of the term
(201 /C1p) (CL/16) for the adverse yewing-moment coefficient of the ailer—
ons, Aside from the small differences arising from differences in wing
and alleron- conflgurations from that assumed, the theoretical analysis
from which this value was obtained '(reference 2 combined with reference 3)
accounts only for the induced dreg and not for ‘the profile drag dus to
aileron deflection which may in some cases be of significant value,

Vertical~-Tall Icads

For airplane 3, the flight data were obtained at the Ames laboratory
from simultsneous rudder—fixed pull-ups and rolls and from abrupt rudder—
fixed rolis from steady accelerated turns. Both maneuvers were basically
a sudden application of allerone in accelerated fllght and no differentlie
tion is made between the datae for the two maneuvers.

The maximum loads on the vertical tail as ovtained from pressure-
distributlon measurements taken while performing these maneuvers are com—
pared in figure 1 wilth those calculated using the expression

Ly = atSy o0t go - W)
. dayg

The values of B° and a4 used in the expression were flight values

corresponding to the time at which the loads werse obtalned, and no allow—
ance was made for the effects of sidewash as discussed in reference 8,
and gt was assumed equal to a. However, the data were correched for
the load changes resulting from small inadvertent movements of the rudder.
At the tims of mayximum sideslip angle the tall lomds computed in this
manner geve good agreement with the measured loads; at other times Iin the
runs a5 Indicated in the time history of flgure 9, effects of yawing ve—
locity, and so forth, would have to be included to obtain correlation.
The scatter indicated in figure 1 1s partly accounted for by the accuracy
with which the loads are determined (error estimated to be 5 to 15 percent,
depending on the gbsclute magnitude of the load). It appears, therefore,
that equation (%) is adequate for estimating vertical—tail locads when the
correct sldesllp angles are eppliled.

CONCLUSIONS

Fram a theoretical analysis of the motions of an airplane in a rudder—
fixed, rolling pull-out meneuver and from comparison of the results of the
analysls with flight dats the following resulte have been obtained:
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1. From mmerical solutions to the theoreticel squations design
charts were developed for predicting the esldeslip angles in rolling pull-
outs for a wide ranges of variables.

2. A gimplified expresslon for computing the maximum sideslip angles
in rolling pull-oute was derived. The maximum sideslip angles computed by
this expression were sufficiently close to those obtained from flight tests
and from the design charts to warrant use of the expression for prelimi-
nary estimates of the maximum sideslip angles and hence the maximum

vertical~tall losmds.

3. An approximate method was developod for treating cases of non-
linear direectional-stabllity cheracteristics. From a limited compsrison
with results obtained from & numericel analysis of the theoretical ex—
pressions, the approximate method eppeared to be gensrally eapplicable,

%. The vortical—tail loeds in rolling pull-out maneuvers corre—
sponded closely with those calculated by the simplest methods whon the
actual sideslip angles attalned were appliled.

Ames Aercnauntical ILaboratory,
National Advisory Committee for Aeronautics,
Moffett Fleld, Calif., August 1946.
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APPENDIX A
EQUATIONS FOR NUMERTCAT, ANATYSIS

) The solution to the Jlinearized lateral equations of motlon (reference
9

o= rfos Copth +Cr 5 +Cipf+ Cas2e

(EB-E )+ ( -Czr> (413 Clﬁ 5 - ;g__ £olivs Mant
ar ig

. o e |
Cn= ﬁ‘ CPW*C"* vt "A(" A Y

(5%) +(E5%)+ (o SB)egfadar P Benea

~

- 174 ‘- Mv ‘ - ’:-__AI_JM "

Cy=Coafp =S¥ *55% & - 33 f o
N _ d‘.‘ L1 T hpl_‘\' R kg ree
+(r)+<_13.=-_-§sc-fﬁ> = 0 : (a1)

wag obtalned by operational methods using the Laplacian operator, such
that (reference 10, p. 2)

[ae)

£(s) =/‘1-~'(x) 5T 4y
o]

@
g

s;.‘(s) (o) =/

“o

af _-sx '
-~ 8 dx
e (A2)

The reduced equations, therefore, can be written,

1., Ciph &Cp
D ( &~ __.P > _TohE P o 2
ig 1g ig sig
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( Cnp> ( Cnr> 24 Cnph amnﬂ

le 8ig

5(—9&)+5+6<---%0Y3>=o (A3)

2s

provided the initial rates of roll and yaw and the initlal angles of bank,
yaw, and sideslip are all zero., The solution to these equations in terms
of angles of sideslip 1s given, therefore, by

BIGEGOICEONE

) Bia
i) (o) (a2
Cz) @ @ |
B=1T ¢ . > (A4)

(+-%) (-%) (a2
(- 52) (oo

<~— = (1) (s —'éCYB).".t‘

g J

where the symbol I~* stands for the inverse of the operation indicated
by equation (A2). The reduction of this expression 1s normally cbtained
by factoring the denominator of squation (Ak) and making use of the ox—
pression

2 < a = ehnT (45)
8-An



NACA TN No., 1122 7

In the present case, howsver, the denomlnator represents a quertic
for which there 18 no practlcal general factorization, so that either a
numerical solutlon cr sixplifying assumptions are requlred tc¢ obiain
quansitebive resulits in terms of the derivatives.

The design cherts vpresented as figures 4 ani 5 were obtained irom
numerical solutions using values of the derivatives presentsd in tebls I.

APPENDIX B

DERIVATION OF APPROXIMATE EXPRESSION
Neglecting the terms ZCy, amd G, /i, in finding the roots te ths

quartic, an assumptlon which 1s best for high—speed unaccelerated flight,
equation (Ak) is written '

)
| (o= (- Z2) (a2
(-2) (e Cnl’)( sic)
(e (1) (0)
o —> <—a°j§“>
k © @ (s- —-cYB) ,

This reduces to

1
Cip  2C1xCL ACpp Cnr L0
"(s" 1o~ igs aig * """'+ 2"- sig
B - 8 =) ’ (BQ)

(s ~ (Czp/ia)] (s —a —1b) (8 ~— & + 1b)
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where
1 1
@ 53 | (on/t0) +Jorg |

and where, by further neglecting
[ (cya/2) — (Cnp/1c)1% /2

ag compared to
Qﬁ(cngu/io), b * */QI(CnﬁH/m

The part of equation (B2) muitiplying 2k(ACnu/sic) roduces to
~[s - (Czp/ia)] since = (CerL/ia) may be neglected as compared to

Cip/la. This part can be rewritten

LOnH ( 1
# 1oibs \ s—a—ib “g-at+ib

which, according to equation (AS5), has the inverse transform (referonce 10)

gin bx dx (83)

The part of equation (B1) mhich multiplies of(oCiu/1g8) can be
rewritten

1
C1 a o
: - > + B~
A sy A1) Cnp 1. 1 an‘ “da
(-— + =01, ~ 301 — = -
Sia 10 2 2 Eia g — (C Zp/ia)
[ T } 1 1]
Leib[g (Cip/1a) + 1b] L2ib [a = (Cip/1a) — 1
.8 —&a—1b 8 —~a + 1b

which, according to equation (A5), has the inverse transform
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np Cnp i
MG AT —CLCnria ETH -Q:LCL j %CL Cipy Lo
-—i;,— Clp(az'l'bz)ic ¢ Clp/ia.) - al]® + p?
o _
) c1
Cop 4 C1Clny, - i,
I, Bt o \F iR
2% cos bx

[ (Cip/1a) — a]® + b®

1 ,0q
1
; (F-3o) o) ~e)
+ o®X gin bx
L(C1,/1a) - al? + v°

(C10n,/2bie) [&5-DZ —~ a(C1y/1a)] /(a® + p3)

- <) sin bx

[Cip/ia) — 2] + b®

-

ax

19

(k)

By assuming now that Cnp = (CL/16) and the adverse yawlng-moment
coefficient of the aileroms AG, is egual %o (CL/16)(ACz/Clp), and <‘\

changing the notatlon and the varieble in order to simplify the results, y

the sum of equations (B3) and (Bk) can be written

-
C 5 - CV\- o-
e A b

‘)')

-

I

i
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IpNB IpNﬁi
- (1— )Lnx

B A e T Np S-SR
= - -~ T C_' " +
(ACZCII ) / 2 ajZ + by2 (I.p - a.;_)‘- o+ b]_
CZanB

] 1 2ay — Ip
2w (B25)

16 8,2 + b2
- 1556 can b

(Ip - 81)% + 1,®

. % [I’P'bl< ;_- mic> (I'P - a1> l'ichI@bl ¢ lal;‘ Elbl-a- B.J_Ip)

(Ip — a1)® + 122

- —l'-é- ba J e®% gin by x° ;ﬁdx ' (B5)
16

where

a3 * %"(Yv + N‘r)
b1 & V/ Vo%
Equation (BS) mey be written

Bmax
(4C1C1./C1,Cnpo)

= P (Np, Ip, ¥p, Yy, i)

As an Indication of the magnitude resulting from this analysis, the
Tollowing approximate values were chosen:
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Ny = -0.126 — 0,050 Ng
Y, = =0.177 — 0.012 Ng
ic = 0.1)-"3

and equation (B5) was plotted on figure 2 for various values of Npg and
Ip. The curves show that for the assumption mentioned, equation (®5)
may be written with 1ittle ervor as

BOmax 1
(AC1C1./C ZPCnBO Yy b

APPENDIX C
APPROXIMATION FOR SINp IN THEORETICAL ANALYSIS

The assumption made in solving equation (Al) that ¢ is equal to
8in? 1s equivalent to replacing the sine curve with a straight line
having the "same slope as the initial slope of the sine curve, and becomes
increasingly erroneocus as @ becomes greater. A better spproximation
mey be obtalned by finding the siope of a stralght 1line which has the
pame Integrated effect as the sine curve. This relationship may ho ex—
pressed mathematically by :

Tl T
f ch(17=/51de
J J

T

flcp(k—smp)d-r=o (c1)

- o @

or

where Kk represents the desired stralght llne slope and T, is the +tlime
of meximm sid.es_lip.

The angle of bank will certainly be greater than zero in ’shé re—-
gion considered and may be replaced by some average value $, so that
equation (C1) can be written as
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T, ‘
@/ (k-—s;w)d1'=o
o} T1 .

or
1 /sing
k= — ~ 4T (c2)
i/ @

l¢]

Tn order to solve eguation (C2), an iteration process is used. That is,
equation (A1) is solved with the original substitution of ¢ for sinp
t0 dotermine the variation of ¢ with t and the valuo of 1, . 1lhose
values are used in equation (c2) and _k 1s determined, This value of
k is then mmltiplied Into the term HCIfp of equation (Al) and equation
(A1) is agein sclved, this time for B, This second iteration usnally
is sufficlently accurate for the evaluation of PBmax; but if a check
solution for ¢ and Ty shows that it 1s not sufficiently accurute,
the process mey bs repsated.
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TABIE I.— COMBINATIONS OF VARTABIES COVERED BY NUMERICAL, ANATYSIS

On-' - - - lr { » T
Fig- | 2 3 h 5 6 T 8 9 10 1t 12t 13
ra— ’
tion ~ -
C7, ~0.455 0455 -0.455 H0.455 |O.b55-1-0.455 1-0.855 [0.455 [-0.430 —0.415 -0.455 [-0.455 |-0.455
C1, 198 | 198 | 198 | 198 | 198 | .198 | .18 | .198 ] .89l 180 L0578 (0578]  .198
Crg | —0573] ~.0573| ~.0573{0 © |0 o ~05T3| —.05T3| ~.05T3 -.0573 -146 0 - | —.0573
Cop, | =044 | ~.0M40 | —.0MKO | —.08%0 | —.0h40| ~.0bk0| ~.0kk0| —.okk0| —.0801] —.0525! —.0128] —~.0128| —.0kO
| i - o T e
Cnr —.0669{ ~.0955 | —. —.065% -.0955_ ~.1580¥ ~,0955 = 0955(- -.0982| —-.0959| —.0955/ —.O’I;Sgg -. 0955
_ - - " - 0239 Lo29| T~
vnﬂ { -0229 a%lﬁ -1{‘130 .G"’cvc‘.g !{}5'!-5 -‘636 -'AEJ-\S ¢GETE '0515 0(515 ()515 -‘(‘)5]5 15
f »1030 1030
L SR : | 429 | -2
CYg | —429 | ~.527 | —.650 | —.heg | -, —650 | —.527 | =527 | -.527 | —.527 | ~.527 | -.587 | ~.597
‘ —.650 | —.650
o 9 .9 9 .9 .S .9 .9 .9 .9 .9 351 33| .9
g . - .06 | .06 | .06 o6 | .06 .06 | a2 | 06| 06| 06| .06 | .06 | .08
1, 16 16 .16 16 | .16 .16 Jd6 | .20 .16 .16 .16 .16 16
5, 300 3 4 30 ) 3.3 &L 30 BB B ] w]|iw| B
120 | 120 | 120 |'3120° | 120 | 120 - F
A 6 6 6 6 6 6 3 5 6 5 6 6
D 5 .5 S5 |5 5 5 .5 .5 .5 s 5 s 5

Por canfigurations 11 and 12, Cny» Cfg, @d Cpg ¥ere combined caly in the sems cambinationn as in

conligurations 1, 2, and 3.

1

231l "ON ML V
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TABIE II.— VALUES ASSUMED FOR AERODYNAMIC PARAMETERS

IN DETERMINATION OF DIRECTIONAT, STABILITY

C,/OB OF THST ATRPTANES

Airplene | Alrplane| Airplane
1 2 2
Paremeters (total, Confign—~| Configu—
two ration 1| ration 2
tails)
Total vertleal tall eres,

Sgs g fte o 0 v 00 0 .. ] 910 26.58 23.72
Rudder arees (eft hinge line),

8 PE. o ¢ ¢ « ¢« « o s o « o] 33.6 8.65 8.30
Balance area, 8§ ft. « « +» + .| 9.56 1.97 1.96
Height (center—line stabi—

llzer to +tip slong hinge

1Ine), £He « v o o o o 0 o o) =——— 6.51 5.20
Height along hinge Iline, £t. .| 8.43 —— —
Effective aspect ratic of

vertical %ail. . . . . . . .| 1.56 2.h7 1.77
I, TP o o v v o o s o« o o« » of 28,70 18.59 18.59
BCNt/aat e e e e e e e e e .038 049 L0k
Ty s s e s s e e e s e s e s 655 585 615
a5-/a8° %L L L. ... ... .620 1.060 RIT-1s!
Xn/R® 2 ... ... ... . -.000984 ,001575] -.000490
qt/q e e v s e v e v s e s 1.0 1.0 1.0

1In steady sideslips from £light data.
2%, /3B° 1is computed from the expression

Cn

(3CNg/3es) Tr (ag/a) St 1x (adp/aB®)

ap°

bySy
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Figure 1.~ Comparison of vertical-tall loads computed with
measured values of B with vertical-tail loads
measured in rolling pull-out maneuvers in flight. Airplane 3.
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and Gzﬁo. Configurations 15,12 in Table I.
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|

AIRPLANE |
WING SPAN 70.7 FEET

AIRPLANE 2 - CONFIGURATION

WING SPAN 38.3 FEET

AIRPLANE 2 - CONFIGURATION 2
WING SPAN 38.3 FELIT

AIRPLANE 3

WING SPAN 24.0 FEET

FIGURE 8- TWO-VIEW DRAWINGS OF THE AIRPLANES

TESTED

IN FLIGHT
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Figure 9.~ Typical time history of a roll out of a steady turn of
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